
O
P

E
N

M
A

T
H

for

know
ledge-based

autom
ated

theorem
proving

M
IC

H
A

E
L

K
O

H
L

H
A

S
E

Fachbereich
Inform

atik
U

niversitätdes
S

aarlandes
66041

S
aarbrücken,G

erm
any

h
ttp

://w
w

w
.a

g
s.

u
n

i
-sb

.d
e

/ �

ko
h

l
h

a
s

e
/
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W
hatis

M
echanised

R
easoning

�
T

he
field

is
40

years
old

now
�

Itis
a

subfield
ofA

rtificialIntelligence

�

M
otivation:

E
xhibiting

Intelligence
by

m
echanising

the
“Q

ueen
ofS

ciences”

�

M
echanised

R
easoning

S
ystem

(M
R

S
)

=
softw

are
system

that
synthesises

proofs

–
R

epresenting
the

problem
in

form
allogic

–
search

for
the

proofon
the

levelofa
logicalcalculus

(autom
atically

(AT
P

),interactively
(IT

P
),hum

an-oriented
(H

T
P

))

–
(optional)

P
roofbeautification/presentation
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S
tate

ofthe
A

rtin
M

echanised
R

easoning
�

In
the

A
pplications

–
P

rogram
verification/synthesis:

M
oving

into
industrialapplications

–
M

athem
atics:

only
applicable

for
relatively

trivialproblem
s

–
N

aturalLanguage
P

rocessing:
B

asic
research

necessary

�

Is
notan

accepted
toolin

m
athem

aticalpractice.

�

Trends:
Try

to
overcom

e
lim

itations
by

A
Im

ethods

–
K

now
ledge-based

theorem
proving,C

ooperation
ofAT

P

–
Idea:,use

agents
and

O
P

E
N

M
A

T
H

for
this

–
In

this
talk:

M
B

A
S

E
a

m
athem

aticalknow
ledge

base
system

.
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K
now

ledge-B
ased

T
heorem

P
roving?

�
E

xpressive
representation

form
alism

s
(K

now
ledge

local)

–
H

igher-order
logic,sorted� -calculus,...

�

S
pecialized

inference
processes

(K
now

ledge
im

plicit)

–
S

uperposition,
L

E
O

,
constraint-solvers,

com
puter-

algebra,...

�

proofplanning
(explicitm

ethod-
and

controlknow
ledge)

–
m

ethods
as

plan
operators,controlrule

interpreter
...

C
alculus

L
ogic

S
earch

- efficiency
+

 com
binability

+
 uniform

ity
- expressivity

+
 efficiency

+
 control

- m
ore com

plex
  inference

+
 efficiency

- flexibility

factual know
ledge (A

xiom
s)

control know
ledge

representation

�

K
now

ledge
base

(stockpiling
know

ledge
)

–
Inheritance,structure

m
orphism

s,R
D

B
M

S
,sem

antic
search,...

�

know
ledge

acquisition
(e.g.

reading
m

ath
books)
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K
now

ledge-B
ased,D

istributed
T

P
in

M
A

T
H

W
E

B

O
M

E
G

A

P
roV

erb

M
B

A
SE

L
ocal

S
P

A
S

S

S
etheo

IN
K

A

LE
O

A
T

P

O
tter

W
eb2E

q

N
etscape

O
pen M

ath
C

ontent D
ictionary

call

generate

generate

subm
it

call

view
m

anipulate

view

expand
ask

ask

LO
U

I

O
ctopus

M
B

A
SE

A
rchive

M
athM

L/
O

pen M
ath

D
ocum

ent

view

view
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M
A

T
H

W
E

B:
Im

plem
entation

and
A

vailability
�

A
gentshells

are
im

plem
ented

in
M

O
Z

A
R

T
O

Z
3.0

(concurrent,O
O

,constraint-logic
program

m
ing

language)

–
G

etnetw
ork

com
m

unication
layer

for
free

–
Tested

w
ith�

M
E

G
A

,D
O

R
IS

�

A
vailable

M
athem

aticalS
ervices

include:

–
A

utom
ated

theorem
provers:

O
T

T
E

R,
S

PA
S

S,
P

R
O

T
EIN

,
B

L
IK

S
E

M
,

T
P

S
,

E
Q

P,...

–
P

roofTransform
ers:

from
these

to
N

aturalD
eduction

–
C

om
puter

A
lgebra

S
ystem

s:
M

A
P

L
E,

M
A

G
M

A
,

G
A

P

–
U

ser
Interface:� �� �

(runs
as

an
agenton

clientm
achine)

–
P

roofP
resentation:

V
erbalization

in
naturallanguage

(E
nglish)

–
K

now
ledge

base:
M

B
A

S
E

(restofthe
talk)
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T
he

D
ata

M
odelin

M
B

A
S

E

(in possibly different
languages)

T
heories

A
D

T
s

Inductive definitions

O
bjects

P
rim

ary

A
dm

inistrative O
bjects

(U
sers &

 T
ransactions)

R
elativization

(for different System
s)

M
achine-oriented

Inform
ation

additional

("Specification")
S

ystem
 

P
rivate A

nnotations
(T

actics, M
ethods, C

ontrol, ...)

E
xternal

K
now

ledge
R

esources
e.g. Publications

O
bjects

additional
S

tructuring

H
um

an-oriented
additional

Inform
ation

N
am

es
D

escriptions
K

eyw
ords

Presentation inform
ation

L
inguistic inform

ation

("Syntax transform
ation")

M
ediator

("T
erm

s")
S

ym
bols &

 D
efinitions

("Predications")
A

ssertions &
 P

roofs
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P
rim

ary
O

bjects
in

M
B

A
S

E

contains

n :: n

S
e

q
u

e
n

t

S
ta

tu
s

K
in

d
, T

yp
e

Sym
bols

S
ta

tu
s

1 :: n

form
alizes

A
ssertions

proved_by

proves

1 :: n

depends_on

n :: n

used_in

D
efinitions

D
e

fn

Proofs
Proof O

bjects

O
b

je
ct

n :: n

depends_on

used_by_definition
defined_by

defines

1 :: n

D
e

scrip
tio

n

used_by_assertion
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� -C
alculus:

an
expressive

F
orm

alism
for

M
athem

at-
ics�

E
xam

ple:
C

antor’s
T

heorem
:  

!#"$
%&'()
*+!-,.
/011

�

T
heorem

:
T

he
setofsequences

ofnaturalnum
bers

is
uncountable.

–
countable243

5 6
78

surj! 89 ,.
9 6
1

or5 6
 
78

inj! 89 6
9 ,.
1

–
surj2 3

5 86
:; <
= 6
7>
= :8>
3<

– ?
@3

5 8
; < ?
<
A
B! 8<
1 .

�

P
roof:

(D
iagonalisation)

A
ssum

e
thatthere

is
a

surjective
m

appingC 2,.
DE ,.
/0

.
C

onsider
the

diagonalsequenceF!#G1 243
C!#G9 G1 .

Increm
ent(H! G1 2 3

C!#G9 G1JI
K);obviously

HL 3C! M1

for
allM = ,.

,soHN = ,O
! C1

(contradiction).
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C
orrectness

M
anagem

ent
�

P
roblem

:
C

onsistency
is

a
centralconcern

for
any

know
ledge

base.
�

T
heory:

C
onsistency

cannotbe
ensured

[G
ödel’32].

�

P
ractice:

R
educe

problem
to

sm
allsetofaxiom

s.
(C

onservative/D
efinitionalE

xtension,proofs)

�

E
vidence

for
consistency

in
M

B
A

S
E

–
published

N
L

proof,typicalexam
ples,sem

i-form
alproof,peer

review
.

–
F

ullproofs
can

be
too

large/tedious

–
C

onjectures
are

first-class
citizens

ofm
athem

atics,
e.g.

in
the

initialdevelopm
entofa

theory.
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O
P

E
N

M
A

T
H

as
a

C
ontentLanguage

for
M

A
T

H
W

E
B

�
D

esiderata:
N

eed
to

express

–
F

orm
ulae

and
term

s
w

ith
m

eta-variables

–
F

orm
alproofobjects

and
com

putations
(w

ith
m

eta-variables)

–
S

pecifications
of(fragm

ents
of)

logicalsystem
s,

�

S
chem

atic
O

bjects!#P+"*9 $)M +"'9RQ+S +&'9RT+Q$
%T"+9 *(&F %(F +1

�

Idea:
U

se
O

P
E

N
M

A
T

H
w

ith
new

contentdictionary
O

p
e

n
P

ro
o

f
.

–
S

chem
a

S
ym

bols:
fo

rm
u

la
,te

rm
,
p

ro
o

f
,
co

m
p

u
ta

tio
n

–
A

ttribute
S

ym
bols:

la
n

g
u

a
g

e
,typ

e

–
F

urther
C

D
s

for
logicalsystem

s
proper

F
F

O
L,

N
D

(F
O

L
),

H
O

L,
E

C
C,...
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E
xam

ple:
S

chem
atic

F
orm

ula
<

O
M

O
B

J>
<

O
M

BIN
D

>

<
O

M
S

cd
=

"
o

p
e

n
p

ro
o

f
"

n
a

m
e

=
"
fo

rm
u

la
"

/>

<
O

M
B

V
A

R
>

<
O

M
A

T
T

R
>

<
O

MA
T

P>

<
O

M
S

cd
=

"
o

p
e

n
p

r
o

o
f

"
n

a
m

e
=

"
la

n
g

u
a

g
e

"/
>

<
O

M
S

cd
=

"
F

F
O

L"
n

a
m

e
=

"
C

N
F"/>

<
/O

M
A

T
P

>

<
O

M
V

n
a

m
e

=
"F

"/>

<
/O

M
A

T
T

R
>

<
/O

M
B

V
A

R
>

<
O

M
V

n
a

m
e

=
"F

"/>

<
/O

M
B

IN
D

>
<

O
M

O
BJ>
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P
roofs

in
O

P
E

N
M

A
T

H
�

Idea:
U

se
P

ropositions-as-Types:A U
! 5 <
VW X
YZ U
! Z [
\! <
1 9 Z [
]! <
11

^`_
Z a
bZ [

\

a

^ _Z a
bZ [

]

_
Z U

a
Z _

A U

_Z a
A a
Z _

<
O

M
O

B
J>

<
O

M
BIN

D
>

<
O

MS
cd

=
"

N
D

(F
O

L)
"

n
a

m
e

=
"im

p
lie

sI
"

/>

<
O

M
B

V
A

R
>

<
O

M
A

T
T

R
>

<
O

M
A

T
P

>

<
O

M
S

cd
=

"
o

p
e

n
p

r
o

o
f

"
n

a
m

e
=

"typ
e

"/>

cd e

<
/O

M
A

T
P

>

<
O

M
V

n
a

m
e

=
"X

"/>

<
/O

M
A

T
T

R
>

<
/O

M
B

VA
R

>

<
O

M
A

>
<

O
M

Scd
=

"
N

D
(F

O
L

)"
n

a
m

e
=

"a
n

d
I

"
>

<
O

M
A

>
<

O
M

A
>

<
O

MS
cd

=
"

N
D

(F
O

L)
"

n
a

m
e

=
"a

n
d

E
r

"
>

<
O

M
V

n
a

m
e

=
"X

"/>

<
/O

M
A

>

<
O

M
A

>
<

O
M

Scd
=

"
N

D
(F

O
L

)"
n

a
m

e
=

"a
n

d
E

l
">

<
O

M
V

n
a

m
e

=
"X

"/>

<
/O

M
A

>
<

/O
M

A
><

/O
M

A
>

<
/O

M
B

IN
D

>
<

/
O

M
O

BJ>
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T
he

C
urry-H

ow
ard

Isom
orphism

�
Idea:

use
the

structuralsim
ilarity

betw
een5 -C

alculus
and

N
D

.

–E
vs.A

–
Types

vs.
F

orm
ulae

(”‘propositions
as

types”’)

–5 -term
s

vs.
P

roofs
(”‘P

roofterm
s”’,”‘proofs

as
program

s”’)

–fg 2hii
vs.A [

,fg 2hjk

vs.A U

�?

provable,iffl
non-em

pty
e.g.

for
H

ilbert-A
xiom

s

–5 <
m 5 >n <
m

has
TypelE

o E
l

–5 <
mpn pq 5 >mpq 5 r
q <
! r9 >
! r11 2! lE
o E
s1 E
! lE
o1 E
lE
s

t

N
ew

C
D

O
p

e
n

P
ro

o
f

containing
sym

bols
for

allN
D

inference
rules
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T
he

C
urry-H

ow
ard

Isom
orphism

(E
xam

ple)

��
�2��
� �
s
��
r
2�

��
�2��
�
��
r
2�

��
�r
2�

��
�� r� �� r�� 2s

� �2��
� �
s� �� �2��
�� �
� � r
�� r� �� r�� 2��
s

� �2��
� �
s� �
� �
�r
�� r� �� r�� 2� ��
�� �
��
s

� �
� �
��r
�� r� �� r�� 2� ��
� �
s� �
� ��
�� �
��
s

w
obei� 3

� �2��
� �
s� �� �2��
�� �� r2��
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LogicalIssues
t

T
he

representation
form

alism
m

ustm
eed

conflicting
requirem

ents!
t

Q
uasi-religious

battle
over

the
“rightlogic”

–
classicalvs.

constructive

–
typed

(�
-calculus)

vs.
untyped

(settheory)

–
iftypes,how

strong?
(sim

ple,polym
orphic,records,dependent)

–
m

achine-oriented
vs.

hum
an-readable

–
partialfunctions?

m
ulti-valued?

t

M
B

A
S

E:
C

onservative
E

xtension
P

rinciple
w

ith
Logic

M
orphism

s
(accom

m
odate

for
allpossible

desires.)
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Logic
M

orphism
s

t
D

efinition:
LogicalS

ystem� 3
�#��R�� ,

–�
language

(setofw
ell-form

ed
form

ulae)

–�
calculus

(setofinference
rules)

–�2� �
 ¢¡

is
a�

-derivation
of¡

from�

t

D
efinition:

Logic
M

orphism£ 2�¥¤�
�§¦

,

–
Language

M
orphism£©¨

2� ¤�
� ¦

–
C

alculus
M

orphism
£«ª

from�

-derivations
to

� ¦

-derivations,
such

that
for

any�

-derivation

�2� �
 ¢¡

,w
e

have£ ª
� �� 2£ ¨
� �� �
 #¬£¨
� ¡
� .

t

Logic
m

orphism
s

transportproofs!

Z
F

�

Z
F ®

S
etR

Z
F

�
¯p

[K
oh94]

[O
ho95]

°±²
±²iZ

F

i®

S
et

i³ r´
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S
orted

µ -C
alculus

t
D

istinguish
betw

een
S

orts
and

T
ypes

t
Term

declarations
as

generalM
echanism

E
xam

ple:
H

igher-O
rder

U
nification

�R¶ 22· �
· �
·�

�R¶ 22¸�
¸�
¸�

�R¶ 22¹ �
¹ �
¸�

� � � �¶ ��� 22· �
¸�

º» ¼
�-½� 3

¾¿¿À¿¿Á ¶ r
» Â
»�

¶ r
Ã Â
Ã�

¶ r
Ä r
Ä

Å¿¿Æ¿¿Ç

t

functionalbase
sorts:

e.g.� � ��� 22ÈÉJÊ� Ê

,

t

intersection
sorts:

z.B
.�R¶ 22· �

· �
· Ë¸�
¸�
¸Ë
¹ �
¹ �
¸�

t

C
losure

under�Ì -equality
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R
elativisation

=
M

orphism
to

�

t
S

ignature:

Í�� ¶ 22· �
· �
·� � 3
Î �� �·� ��#Ï
·� ��ÑÐ
·� �¶
�� .

t
F

orm
ulae:

Í� Î �Ò ¡
� 3
Î �Ó
� �� Ð
Í� ¡
�

t

S
orts:

Í ¡
22Ó�
È
Ô22Ó

¡
Ô22È

3
Î �Ó
� �� Ð
È� ¡��

Ó
� Ô� Ð
È� ¡
Ô�
Ó
� Ô�

È� ¡
Ô�

t

P
roofs:

Í
Î �Ò ¡
Ô2Ó

� ÔÕ �� ¡

3

Î �Ó
� �� Ð
Í� ¡
�

Ó
� Í� Ô�� Ð
Í�� ÔÕ �� ¡� Ó
� Ô�

Í�� ÔÕ �� ¡�
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M
athem

aticalV
ernacular

(S
tructures)

t
A

pproxim
ate

day-to-day
language

ofm
athem

aticians
t

In
particular

supportfor
algebraic

structures.

t

R
ecord-S

orts:
e.g.

group Ö×××××Ø Ù
ÚÛ
ÜÜÝÞßàá â

ãß
ÜÜä
å ä
å ä

æÚçÛ
ÜÜä

èéê
ÜÜä
å ä

ëìììììí

t

A
nalogous:

application
w

ith
labels,e.g.

associativity

îïïð
ñ 2 3�
ò óôõ�
ö÷´

Î �ø Î �ø Î ù
ø ´
�� ´�ù
� 3´
� ´��� ù

t

P
roblem

:
w

hatis
the

relation
betw

een
S

ort ú

and
setõ

.
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D
ependentS

orts,S
election

S
orts
t

Idea:
U

se
record-labels

as
dependentsorts

t
E

xam
ple:

setoperationûÚÛÞß Ü ü
ý ÙÚÛ ÜÜÝÞßàá â þ
ãß ÜÜÙÚÛåÙ
ÚÛåÙ
ÚÛÿ

t

prove �
�22�ð
��

and¶ 22���
�
��
�
�

for����
� 3�
�
	�

� 3¶� 22��
�ð
�



A
nalogous:îïïð

ñ 22�ð
��� �

ò óô
¤¤�

� ��
��
��
��
��
�� ö÷
¤¤�

�ð
��



P
roblem

:
sem

igroups
are

associative



Idea:
U

se
selectionsorts:

(com
pare

to

� �
� ú
�� ¡

� ).

��
��

���ð
�� 243

� ��
�ð
�� � � �
� îïïð
ñ�
ò óô� ��
��
�� �ö÷ � ��

��� ��



and
so

on...

21
cu

:M
ichaelK

ohlhase

Uv Nw

Ix Vy

Ez

R{

S|

I}T~A�S�

S�A�

R�

A�

V�

I� E�

N�
S�

I� S�



K
now

ledge
A

cquisition
(R

am
bo)


W

here
does

allthe
know

ledge
for

M
B

A
S

E
com

e
from

?


Idea:
R

eading
m

ath
books!

–
C

ooperative,restricted
vocab,syntax

and
am

biguity.

–
discourse

structure
explicitly

m
arked

–
O

bjectontology
(m

athem
atics)

totally
form

alized
(B

ourbaki)



S
tate:

3
T

heorem
s

+
proofs

(M
asters

T
hesis

B
aur)

–
T

heorem
2.3.3

(Triangle
Inequality)

F
or

any�

and�

in !

,w
e

have

" �#
�" $
" �" #
" �" .

–
P

roof:
From

2.3.2(e),w
e

have %
" �" $
�$
" �" and %
" �" $
�$
" �" .

T
hen,adding

and
using

2.2.6(b),w
e

obtain

%
& " �" #
" �"' $
�#
�$
" �" #
" �"

H
ence

w
e

have" �#
�" $
" �" #
" �" by

2.3.2(d).
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D
iscourse

S
em

antics
ofa

D
efinition


D

efinition
1.2.8:

F
or

functions(*)
+ ¤�
,

and- )
, ¤�
.

,the
com

posite
function

-0/
(

(note
the

order!)
is

the
function

from

+

to

.

defined
by

-0/
(�21� ) 3
-� (� 1��

for1
�
+

.
(see

figure
1.2.5.)



S
em

antics
=

D
iscourse

structure
+

D
iscourse

representation
structures

(D
R

S
)

D
efinition

D
ecl

claim

4

5þ
6þ
7þ
8 þ
9

:;<
& 5' þ :;<
& 6' þ :;<
& 7'

8>=
?@
& 8 þ
5þ
6'

8>=
?@
& 9 þ
6þ
7'

AA

9 48

8>=
?@
& 9 48 þ
5þ
7'

B&DCE
Ü5F
9 48& E' ü
9& 8& E'''
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R
epresentation

in
M

B
A

S
E

Ö×××××××××××Ø G
H>I
JK
L

M�N
;

Ü

com
pose-functions

O;P

Ü

B
a

rS
h

e
:

it
ra

8
2

;
1

.
2

.
8

QP R ;

ÜCS
TU& T å
U' å
& Så
T' åS
å
U

VWXN=
Y� ÜZ VZ[
Z\
V& [\

'

];YR

Ü
F

unction
C

om
position

ëìììììììììììí
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D
iscourse

S
tructure

ofa
T

heorem

2.3.2(e)

^_` _`
a _a
^b`
b`
a ba

R
ef

C
onj

A
nte

S
uc

E
ntails

A
nte

R
ef

2.2.6(b)

E
ntailsS

uc

^c a _a d
a bae `
_d
b`
a _a d
a ba

R
eason

”‘adding”’

E
ntails

S
uc

a _d
ba `
a _a d
a ba

R
eason

R
ef

2.3.2(d)

P
roof

T
heorem

N
am

e

R
ef

2.3.2

D
ecl

_f g
hi bf g
h

C
laim

a _d
ba `
a _a d
a ba
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Y
ields

the
P

roofP
lan

L1
L1

�
j� �
k

(A
ss)

L2
L2

�
l� �
k

(A
ss)

L3
L1

� ¤
jÉ
jÉ

� j�

(plan
L1

2.3.2(e))

L4
L2

� ¤
lÉ
lÉ

� l�

(plan
L2

2.3.2(e))

L5
L1,L2� ¤

�� j� ¶
� l� � É
j¶
lÉ

� j� ¶
� l�

(plan
L3

L4
2.3.2(b)

“adding”)

A
ss

L1,L2 �
� j¶
l� É

� j� ¶
� l�

(plan
L5

2.3.2(d))



D
irectim

age
ofthe

discourse
sem

antics

26
cu

:M
ichaelK

ohlhase

Uv Nw

Ix Vy

Ez

R{

S|

I}T~A�S�

S�A�

R�

A�

V�

I� E�

N�
S�

I� S�



C
onclusions


C

ooperative
know

ledge-based
T

heorem
proving

as
an

application
area

for
O

P
E

N
M

A
T

H
.

–
agent-based

m
odelfor

integration
ofm

athem
aticalservices

–
C

om
m

unication
Language:

K
Q

M
L;C

ontentlanguage
O

P
E

N
M

A
T

H

–
Im

plem
ented

(h
ttp

://w
w

w
.a

g
s.

u
n

i
-

sb
.

d
e

/
˜o

m
e

g
a

)!



K
now

ledge
base

system
M

B
A

S
E

–
gives

a
sem

antics
to

interaction/integration

–
can

be
used

to
generate/replace

contentdictionaries

–
K

now
ledge

A
cquisition

by
reading

M
A

T
H

M
L

/O
P

E
N

M
A

T
H
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D
esiderata

for
O

P
E

N
M

A
T

H


S
tatus

ofC
ontentD

ictionaries

–
<

D
e

fm
p

>
proposal(see

lasttalk)

–
Inheritance

ofC
D

s
(M

odelthe
structure

of
M

B
A

S
E?)

–
D

ynam
ic

C
D

s
(as

a
jointbase

ofcom
m

unication)



Integrate
O

P
E

N
M

A
T

H
/M

A
T

H
M

L
beyond

K
-12

(D
efinitions,T

heorem
s,proofs,...)



Tow
ards

P
lug-and-P

lay
m

athem
atics
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